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ABSTRACT. The baseline method of composite shrinkage estimation of a small-area domain
involves borrowing sampling strength from a larger geography. Natural extensions to this
method could incorporate sampling strength from multiple domains. From an applied
perspective, survey data for neighboring small areas may be sparse. Thus, we propose a
two-tiered composite shrinkage estimation method that leverages sampling strength from
two areas—one large area for which disaggregated data is not available and another area
aggregated from smaller constituent districts with available survey data. The model also
allows for the geographic flexibility in which the portions of the two areas overlap. This
extension requires three moment-matching estimators to calculate the composite weights that
minimize the estimated expected mean-squared error of the two-tiered domain composite
estimator.

1. PROPOSED TwoO-TIERED COMPOSITE ESTIMATION MODEL

Composite shrinkage estimators leverage sampling strength from large domains to improve the
reliability of small-area estimates. The baseline method involves the composite form of a small
area and a larger domain in which the former is situated within the latter [3]. We reviewed this
method and provided additional insights via a simulation study and preliminary applications
using the American Community Survey PUMS data [2]. This method can be extended to
incorporate neighboring small areas [4]. However, from a practical standpoint, survey estimates
for neighboring small areas may not be available on an annual basis. Furthermore, larger
areas for which survey data is consistently produced may not align with the geographic
boundaries of the small areas in question. Thus, we propose a practical extension to the
baseline shrinkage estimation method that involves the use of two larger geographies and
incorporates the flexibility of imperfect geographic alignment.
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For the sake of simplicity, we will refer to small areas as districts and the two larger geographies
as place and county. Despite this nomenclature, our proposed method could apply to other
geographic hierarchies as long as the place includes the small area in question. The model
does allow for the district to be outside the boundaries of the county. However, in practice,
the county might overlap parts of the place or exist in proximity to the district in order
to warrant the inclusion of the county in the model. Furthermore, place and county do not
necessarily have to be corresponding geographic levels classified in the census. The selected
“place” can be any geographical entity for which we have survey estimates for the district in
question as well as for the other districts that comprise the place. For instance, “place” could
be a collection of census tracts with available survey data. The county, on the other hand,
does not necessarily have disaggregated data. A prime example of a large domain without
data disaggregated to small geographic units would be the American Community Survey
Public Use Microdata Areas (PUMAs). Thus, the nomenclature of place and county in this
model is focused more on the availability of disaggregated district-level survey data rather
than geographical hierarchy or size.

The geographical hierarchy can be formulated in two ways. In the first case, the place and
county are successively larger geographies. More specifically, D, C D, where D, is the set of
districts within place and D is the set of districts within the county. We will show that the
two-tiered composite estimation model under the geographical construct of D, C D yields
only marginal improvement over the baseline composite method. In the second case, D, ¢ D
allows for more flexibility in data applications, since the place boundaries do not have to be
fully encapsulated within the county. This geographical structure lends itself to substantially
improved efficiency over the baseline composite method even in cases such that the district
deD,\D=D,ND"

This proposed two-tiered estimation model is perhaps most useful in cases of sparse data. For
instance, we might have survey estimates for only a few small areas, which we can aggregate
as a “place” for the purposes of the model. This sparsity of data could render the baseline
composite method less useful if the collective sample size from these few small areas is still
insufficient. Thus, this two-tiered model allows for the additional leveraging of the county
survey data without having any disaggregated data for all the constituent components that
comprise the county.

1.1. Composite Form. The proposed two-tiered domain composite estimation method is
of the following form:

05 = (1 —b)0, + b6 (1.1)
05 = (1— k), + ko (1.2)

where 6 is the district-level estimator, ép is the place-level estimator, and 0 is the county-level
estimator. Thus, Hg is the composite estimator leveraging the sampling strength of the place

and county. The district is in turn estimated by the estimator ég—a composite of 6, and épc .
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This two-tiered model can degenerate to the baseline composite method. In the case of k = 1,
the model above is reduced to a baseline composite form between the district and county. In
the case of kK = 0, the model degenerates to a composite between the district and place.

Our goal is to find the optimal weights b and k assigned to the place-county composite
estimator (95 and the county-level direct estimator §. Optimality will be based on minimizing

the mean squared error of ég with respect to the unknown district parameter 6; as shown
below:

MSE {ég(b, k); ed} — Var {(1 — )0+ b(1 — k)b, + bké}

+ {E [(1 — b)0a + b(1 — k)0, + bké} - 9d}2

= (1 = b)%vg + b*(1 — k)*v, + b*k*v
+2b(1 — b)(1 — k)cap + 2(1 — b)bkey + 26°k(1 — k)c, (1.4)
+ (bl + b(1 — k)0, + bko)?

= (1= b)vg + b*(1 — k)*v, + b*k*v
+ 2b(1 — b)(1 — k)wgug + 2b(1 — b)kugvy

(1.5)
+20°k(1 = K)o, > g + 02 (=0q + (1 — k)6, + k6)”

deD,
where R o
vg = Var(6,) cqg = Cov(0y,0)
vy = Var(ép) ¢, = Cov(6,, 0)
v = Var(f) Cap = Cov(fy, ép)

and uy and wy are the sampling weights of district d as a proportion of the county and place
sampling pool, respectively. The summation in (1.5) is over the set D,, which represents
all the districts within place p. This summation is the sampling weight of all districts at
the intersection of the place and county as a share of the total county sample size. Since
disaggregated data may not be available for the county survey data, this sampling weight
may have to be estimated.

The simplification from (1.4) to (1.5) involves the standard assumption that the estimates 0,
are mutually independent for all d € D, where D is the set representing all districts in the
county.

1.2. Optimal Weights. Since MSE {ég(b, k); Hd} is a function of both b and k, the optimal

two-tiered composite estimator 6 (b*, k*) is attained by minimizing MSE {ég(b, k); Hd} with

respect to both b and k. Hence, the solution to the following nonlinear system of equations
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resulting from taking the partial derivatives of MSE {ég(b, k); Hd} with respect to b and k

would lead to optimal weights:

OMSE{69 (b,k);04}

—2(1 — b)vg + 2b(1 — k)*v, + 2bk*v

ob
+2(1 = 2b)(1 — k)wgvg + 2(1 — 2b)kuquq (1.6)
+Abk(L = K)o, Y ug+ 26 {k(0 — 0,) + (6, — 0q)}" =0
deD,

0 MSE{ 69 (b,k);04 }
ok -

—2b%(1 — k)v, + 2b%kv — 2b(1 — b)wavg + 2b(1 — b)ugvy
+26°(1 = 2k)v, Y ug+ 26° {k(0 — 6,)* + (0 — 0,)(6, — 6a)} =0

deD,

(1.7)

In the case that the place is a conglomerate of districts with no microdata to produce a place-

level sample variance v, then the factor v, in (1.6) and (1.7) can be replaced with > wqvg.
deD,

One exception is that v, Y  wugin (1.6) and (1.7) should be replaced with > wsuqv4. These
deD, deDy

requirements retain the assumption that 0, are mutually independent for all d € D,,.

The equations throughout this paper are applicable to both geographical cases of D, C D

and D, ¢ D. The summation . uy could be tailored to Y. uy for the case D, € D.
deDy deD,ND

However, this change is not necessary, since ug = 0 for all d ¢ D, N D.

Note that the terms (6 — 6,)?, (6, — 64)%, and (6 — 6,,)(6, — ;) in (1.6) and (1.7) need to be

estimated, since they include the unknown district, place, and county parameters. Instead

of optimizing MSE {édc(b, k); Qd}, we have to resort to the minimization of the expected
mean squared error eMSE {ég(b, k); Hd} = Ep, {MSE {ég(b, k); Hd}} . The resulting nonlinear

system of equations' that solve for the optimal weights b; and ki for eMSE {ég(b, k); Gd} are
as follows:

'We used the nlegslv package in R to solve the nonlinear system of equations in (1.6) and (1.7) for the
optimal weights b* and k* as well as the estimated variant of the nonlinear system in (1.8) and (1.9) for the

suboptimal weights by and k; [1].
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e 2 )
9 eMSE{05 (bk):#a} —2(1 — b)wg + 2b(1 — k)?v, + 2bk*v

ob
+2(1 = 2b)(1 — k)wgvg + 2(1 — 2b)kugug 18)
AR = K)u, > g+ 20 { K02 + 03, + 2Kpay b =0
deD,

0 eMSE{0S (bk)i0a}

o —2b%(1 — k)v, + 2b%kv — 2b(1 — b)wavg + 2b(1 — b)ugvy

+27(1 = 2k)u, S ug + 202 {lmg + pdm} ~0

deD,

(1.9)

where

o2 =Ep, [(0 —6,)°]
O'ip = Epp [((9,, — Gd)ﬂ

Pdp = EDp [(0 - ep)(ep - ed)}

The terms 012,, afm,, and pg, still need to be estimated. To estimate these terms, we use the
method of moment matching, employed in a similar fashion as Longford’s baseline composite
shrinkage method [3]. The following estimators replace their corresponding terms in (1.8)

and (1.9) to minimize the estimated expected mean squared error cMSE {ég(b, k); 0, ¢ and

obtain the suboptimal weights IA)T and I%T. Please see Appendix A for the derivations of the
following proposed estimators:

2
AIQ) — <é - Z wdéd) —042 Z WyCq — Z wczlf)d (1,10)

deDy deDy deD,
(3'34) = Z Wq |:(ép — éd)Q — (f)d — Qéd’p>i| — @p (111)
deD,
by =3 wa | (0= 0,)(0, — a) — (& — Ca+ cap)| + 9, (1.12)
deD,
where
b4 = Var(f,) ¢q = Cov(4,0)
b, = Var(6,) ¢, = Cov(h,,0)
o = Var(f) ¢ap = Cov(fy,0,)
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With the assumption that the estimates éd are mutually independent for all d € D,, (1.10)-
(1.12) can be further simplified to

2
AZQJ — (9 — Z wde) — U+ Z (Q’LLd — wd)wd@d (113)

deD, deD,
53y = > wa|(By — 00)* — (1 = 20)0d] — 5, (1.14)
deDy
ﬁd,p = Z Wy |:<é - ép)(ép - éd) + (ud - wd){}d:| + (1 — Z Ud> @p (1.15)
deDy deDy

2. SIMULATION STUDY OF TwO-TIERED ESTIMATION METHOD

In order to understand the robustness of the two-tiered domain composite shrinkage esti-
mator, we will conduct a simulation study to examine the dynamics of the estimator under
various conditions of district similarity and different sampling designs. While the simulation
cases cannot possibly be exhaustive, they are nonetheless illustrative for understanding the
conditions under which the applicability of this method is most useful.

2.1. Simulation Design. The simulated population for each case in the simulation study
is comprised of five districts (A, B, C, D, and E). Districts B and C are within Place X,
while Districts D and E belong to Place Y. District A is found in both places. We conduct a
second set of simulation cases in Section 2.7 to explore the effects of increasing geographic
overlap. In this first set of simulations, however, District A is the only overlapping district.
Furthermore, the constituent districts form the entirety of the geographical extent of the
corresponding places. In other words, there are no residual subdivisions within the places
that do fall outside the boundaries of a district. In the estimator distributions of simulation
cases (Figures 1-9), each district panel is labeled as Place, District (e.g., X,A). Note that
the results of Panels X,A and Y,A are distinct in the simulation cases, since the data and
sampling conditions are different, despite the overlap of District A in both places. In the
case of Panel X,A disaggregated data is available for all the districts in Place X, but Place
Y data is available only in aggregate form for calculating g, Similarly, for Panel Y,A the
disaggregated Place Y data is used for calculating ép, whereas Place X data is in aggregate

form for calculating 0.

Note that the nomenclature of place and county is relative. For Place X districts, the “place”
is Place X, whereas Place Y serves as the “county.” For Place Y districts, the “place” is Place
Y, whereas Place X serves as the “county.” While disaggregated data to the district level is
available for the purposes of the simulation study, the nonavailablity of this disaggregated
data is imposed for the corresponding county when conducting the simulations for each
district.
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2.2. Simulation Cases. For illustrative purposes, nine simulation cases are shown in this
section. The simulation cases are constructed from a combination of district similarity and
sampling designs.

The following are the district similarity cases:

e SS: district similarity of 64 for both Places X and Y
e SD: district similarity within Place X and district dissimilarity within Place Y
e DD: systematic district dissimilarity for both Places X and Y

The systematic district dissimilarity in Case DD entails low and high values of 8, for the
non-overlapping districts, while District A, which overlaps both Place X and Y, takes on an
intermediate value of 6.

Each similarity case above is paired with the following designs of simple random sampling
without replacement (srswor) for a total of nine simulation cases:

e a: 2.5% srswor for each district in Places X and Y
e b: 2.5% and 5% srswor for each district in Place X and Place Y, respectively
e c: 2.5% and 10% srswor for each district in Place X and Place Y, respectively

The nomenclature for the simulation cases is a combination of the district similarity and
sampling design cases. For instance, Case SDb represents the simulation in which Place X has
within-district similarity of 6; with a 2.5% srswor design, whereas Place Y has within-district
dissimilarity with a 5% srswor design.

Figures 1-9 show the empirical distributions of 6, ég(b*, k*), ég(l;T, I%T), ég(i)p, 0), and ég(l;c, 1)
resulting from 1,000 repeated samples of each simulation case. For consistency, the simulated
population sizes are 200 for each district with very similar underlying population standard
deviations o4. The varying sampling rates for Place Y in the simulation cases change the
sampling sizes of Districts A, D, and E accordingly.

The baseline estimators 65 (b,,0) and 65 (b, 1) are evaluated at the estimated suboptimal
weights l;p and b., which minimize the estimated expected mean-squared error of the composite
of 04 with 6, and 0, respectively. Thus, the performance of the two-tiered estimator ég(l;T, lAﬂT)
could be compared to the baseline estimators 6 (b,,0) and 69 (b, 1), given the evaluation of
é((j(b, k) at suboptimal weights using the appropriate moment-matching estimators. On the
other hand, the distribution of ég(b*, k*) is displayed in Figures 1-9 as the optimal result of
the two-tiered method. The optimal two-tiered estimator cannot be attainable in applications
given the unknown parameters 6,4, 6,, and 6. Since ég(b*, k*) is evaluated at optimal weights,
this estimator should not be compared to the baseline estimators presented in Figures 1-9.
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2.3. Case SS. With district similarity across both Places X and Y, the empirical MSE
reductions in using composite estimators are generally sizeable. In Case SSa (Figure 1),
the two-tiered estimator Hc(b* E*) ylelded an additional 6 to 11 percent reduction in MSE
compared to the baseline estimators 0 (bp, 0) and an additional 20 to 25 percent reduction in

MSE compared to 6 (b,, 1). This sizable reduction in MSE beyond the baseline estimators
stems from the small sample sizes for each district. Given such a low sampling rate, the
collective sample sizes for the place and county alone provide less information than the joint
leveraging of both place and county as evidenced by the empirical MSEs in Table 1.

The advantage of the two-tiered estimators begins to slowly diminish with the increased
sampling rate applied to Place Y as shown in Case SSb (Figure 2) and Case SSc (Figure 3).
For instance, in Figure 3, the empirical distributions of ég(b*, k*) and ég(i)c, 1) nearly converge
for Place X districts, because the large sample size of the “county” (Place Y) makes the use

of Place X survey data less relevant. Nonetheless, the use of the two-tiered estimator could
still yield additional reduction in MSE, albeit marginal.

FIGURE 1. Estimator Distributions for Case SSa

‘S885 siuaaiks
- A 4& z&

estmator [/] 8,/ Eg(b*.k*)z 8 (B, k) §§(Bp,o)|Z] 8 (b..1)

TABLE 1. Empirical MSE of Estimators for Case SSa

0 6c (b, k*) 6C by, ky) 6 (5, 0) 6 (bey 1)

ng oq 04 Ps Pys MSE Ps5 Pys MSE Ps Pys MSE Ps Pys MSE Ps Pys MSE

A X 5 30 8.2 6.0 106 1.92 6.9 9.4 0.65 6.6 9.8 1.02 6.5 9.9 1.09 6.3 10.1 1.32
A Y 5 30 8.2 6.1 105 1.73 6.9 9.3 0.56 6.6 9.7 0.87 6.5 9.8 0.98 6.3 10.0 1.17
B X 5 29 8.1 5.8 10.1 1.73 7.0 9.3 0.55 6.6 9.6 0.92 6.5 9.8 1.02 6.3 9.8 1.16
C X 5 30 85 6.4 10.7 1.77 7.2 9.4 0.53 6.9 10.0 0.93 6.8 10.2 1.05 6.8 10.3 1.16
DY 5 32 82 59 104 1.95 7.0 9.4 0.60 6.7 9.8 0.99 6.5 99 1.10 6.4 10.0 1.23
E Y 5 31 81 59 104 1.86 7.0 9.3 048 6.5 9.7 0.92 6.4 9.7 1.03 6.3 9.8 1.16
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FIGURE 2. Estimator Distributions for Case SSh
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TABLE 2. Empirical MSE of Estimators for Case SSb

04 0 (b*, k*) 0F (bt, ky) 69 (bp, 0) 09 (be, 1)
ng oq 04 Py Pys MSE P; Pys MSE Ps Pys MSE  Ps Pys MSE  P; Py MSE
A X 5 30 82 61 105 177 6.8 93 066 67 98 090 65 99 104 64 100 1.12
A Y 10 30 82 68 98 08 73 90 028 72 93 046 72 93 047 7.0 96 064
B X 5 29 81 60 103 168 71 91 053 66 97 08 66 99 100 65 99 1.01
C X 5 30 85 61 108 192 71 93 054 67 101 100 66 102 115 67 104 1.19
D Y 10 32 82 64 97 098 7.4 90 024 71 92 046 7.1 93 048 68 94 065
E Y 10 31 81 65 97 094 7.4 90 025 70 93 048 70 93 050 6.8 95 0.67
FIGURE 3. Estimator Distributions for Case SSc
X, A X, B X, C
0.9-
0.6 -
0.3-
200- 58, =8, TELE
2 Y, A Y,D Y,E
3
0.9-
0.6 -
0.3-
0.0 i EECTHO| ‘ ‘ | ‘ ‘ IO ‘
2.5 5.0 75 10.0 125 25 5.0 7.5 10.0 125 2.5 5.0 75 10.0 125
esimator [/] 8,[/] 8 k0] /] 8 (6. %) 7] 85 (B,.0)[/] B (B..1)
TABLE 3. Empirical MSE of Estimators for Case SSc
04 0 (b*, k*) 0F (bt ky) 69 (bp,0) 09 (be, 1)
Nng 04 Gd Ps Pogs MSE Ps Pgs MSE Ps Pys MSE Ps Pys MSE Ps Pys MSE
A X 5 30 82 63 106 1.75 59 100 144 69 98 077 68 100 094 67 101 1.00
A Y 20 30 82 72 093 041 74 89 022 74 91 02 75 90 021 73 92 033
B X 5 29 81 59 102 171 67 92 078 66 96 08 65 98 100 64 98 096
C X 5 30 85 64 108 183 7.1 96 088 68 100 097 69 102 109 6.8 103 1.08
D Y 20 32 82 70 93 046 7.6 89 016 74 90 024 74 89 022 72 91 035
E Y 20 31 81 71 93 041 75 88 015 74 90 022 74 90 022 73 91 032
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2.4. Case SD. In Cases SDa, SDb, and SDc, the actual district parameters 6, are similar
for Districts A, B, and C, whereas Place Y district parameters are dissimilar. Under this
condition, the two-tiered model generally does not perform better than the baseline composite
estimators for districts d ¢ D, N D. Even in Case SDc (Figure 6), Districts B and C do not
benefit from the additional leveraging of the county survey data with four times the sampling
rate of the districts in Place X. Thus, the dissimilarity of the underlying district parameters
in Place Y diminishes the utility of Place Y serving as the county for Place X districts.

On the other hand, District A (within Place Y) does exhibit some increased efficiency in using
ég(l;]u, ]%T) rather than 69 (b, 1) (Table 4). Unlike Districts B and C, District A is located at the
intersection of Places X and Y. Thus, the two-tiered model can potentially counterbalance the
dissimilarity within Place Y with both additional sampling strength, especially the additional
District A sample data within the Place Y survey data. Note that this subtle advantage is
diminished in Cases SDb and SDc in which the sampling rate of Place Y districts is increased
to the point such that the overabundance of District D and E sample data introduce excessive
dissimilarity and thus reduced efficiency in using the two-tiered estimator.

Despite the reduced efficiency of the two-tiered estimator under conditions of dissimilarity
in Place Y, the model produces empirical distributions that generally fall in between those

of the two baseline composite estimators. Thus, under certain conditions of dissimilarity,
the two-tiered could in fact yield additional efficiency as shown in Case DD (Figures 7-9).

FIGURE 4. Estimator Distributions for Case SDa

X, A X, B X, C
0.4- / ) /
™,
02- N
W\ A\
0,288 0,283 %182
Y,D MAE

>
=
(%)
c Y, A
[}
o

0.4- 3 A
- K k K
/4
X
I B e e e % ‘
3 6 9 12 15 3 6 9 12 15 3 9 12 15

4=110.4
i i

i
6

esimator [/] /] 8 onk0] /] 85 (6. k)] 85 (5, 0)[/] 85 (B 1)

TABLE 4. Empirical MSE of Estimators for Case SDa

0a 0 (b*, k*) 05 (by, k) 0 (bp,0) 0 (be, 1)

ng oq 04 Ps5 Pys MSE Ps5 Pys MSE Ps5 Pys MSE Ps Pys MSE Ps Pys MSE
A X 5 28 8.8 6.8 109 1.55 7.8 10.0 0.48 7.1 10.3 0.97 7.1 10.3 0.98 7.1 10.7 1.23
AY 5 28 8.8 6.7 109 1.58 75 10.0 0.59 7.3 106 1.06 7.3 108 1.26 70 106 1.15
B X 5 31 83 6.0 10.7 2.06 7.1 10.1 0.90 6.8 10.3 1.23 6.8 102 1.14 6.4 104 1.57
C X 5 30 8.2 6.1 105 1.72 7.0 10.0 0.89 6.7 10.1 1.12 6.7 99 0.96 6.5 10.3 1.47
DY 5 30 99 76 11.8 1.73 8.1 11.1 0.87 8.0 11.3 1.11 8.2 11.4 0.98 7.8 115 1.44
E Y 5 3.0 104 8.3 12.7 1.80 8.3 11.7 1.33 8.4 119 1.44 85 119 1.25 8.4 123 1.66
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FIGURE 5. Estimator Distributions for Case SDb

z\ e.,#as ed#sz
@
c
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ed#sa ed#es 8 =104
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50 75 100 125 75 100 125 X 75 100 125

Estimator |Z| ed|Z| b*k*‘Z o (b,.k) §§(Gp,0)|Z| oS (b, 1)
TABLE 5. Empirical MSE of Estimators for Case SDb

04 0 (b*, k*) 0F (bt, ky) 69 (bp, 0) 09 (be, 1)
ng oq 04 Ps Pys MSE Ps Pys MSE Py Pys MSE Ps Pys MSE  Ps Pgs MSE
A X 5 28 88 67 108 158 7.8 99 042 71 102 097 7.0 102 098 7.0 105 1.22
A Y 10 28 88 73 102 075 80 98 032 7.7 101 060 7.8 103 073 7.5 100 0.58
B X 5 31 83 60 105 188 72 100 079 6.8 103 119 6.8 100 107 65 103 151
C X 5 30 82 60 105 187 7.1 98 08 65 102 128 65 99 105 63 102 1.56
D Y 10 3.0 9.9 83 116 095 83 11.2 083 85 11.2 068 87 11.1 057 83 113 0.89
E Y 10 3.0 104 89 120 090 87 117 085 88 115 084 89 115 071 87 117 0094
FIGURE 6. Estimator Distributions for Case SDc
X, A X, B X, C
1.00 -
0.75 -
0.50 -
0.25- y
go 00 0,288 0,283 0,282
2 Y, A Y,D Y,E
glOO*
0.75- {
0.50 -
0.25 -
\\
0 . kTes | . i7ee | TN
4 6 8 10 12 4 6 8 10 12 4 6 8 10 12
Estimator |Z| 9d|Z| (b* k*)|Z| k) §§(Bp,0)|Z| 8 (b, 1)
TABLE 6. Empirical MSE of Estimators for Case SDc
04 0 (b*, k*) 0F (bt ky) 69 (bp,0) 09 (be, 1)
ng o04d Gd Ps Pogs MSE Ps Pgs MSE Ps Pys MSE Ps Pys MSE Ps Pys MSE
A X 5 28 88 67 108 158 81 99 038 7.0 103 095 7.1 103 093 7.0 104 121
A Y 20 28 88 78 97 036 82 96 019 80 9.8 032 81 100 044 78 96 030
B X 5 31 83 60 106 188 7.4 100 073 6.8 104 122 68 101 1.02 65 103 1.50
C X 5 30 82 61 104 171 72 100 085 6.8 102 128 6.8 9.9 100 65 10.1 1.47
D Y 20 30 9.9 8.8 109 043 87 108 042 89 107 034 90 107 027 87 108 0.43
E Y 20 3.0 104 94 114 040 93 113 037 92 11.1 041 93 11.1 039 92 11.3 0.42
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2.5. Case DD. In this set of simulations, we created a systematic dissimilarity within Places
X and Y, whereby the former has lower values of 6; and the latter has higher values of 6.
Furthermore, the overlapping District A has a value of 6, in between the dissimilar parameters
of the non-overlapping districts. In practice, we could easily have districts with intermediate
values given their intersection between two larger areas. Thus, this set of simulations test the
efficiency of the two-tiered estimator under the condition that the underlying parameter is
distributed spatially.

District A yields increased efficiency with the two-tiered estimator in Case DDa with additional
MSE reductions of 20 percent for Panel X,A compared to the baseline composite estimator
0 (b,,0) (Figure 7). This additional improvement in efficiency is retained fairly consistently
for District A with the increasing sampling rate for Place Y as shown in Cases DDb and
DDc (Figures 8 and 9). While ég(l;T, ]%T) yields an empirical MSE slightly larger than that
of ég(l;p, 0) for Panel Y,A, the former is empirically less biased than the latter and thus
potentially more favorable.

In fact, Panels X;A and Y,A in Figures 7-9 show the utility of the two-tiered estimator in
curbing the incurred bias from the two baseline indicators. While the baseline composite
estimator ég(l;p, 0) is slightly downward biased with the low underlying parameters in Districts
B and C, ég(l;c, 1) is slightly upward biased given the high parameters assigned to Districts D
and E. Thus, the two-tiered estimator counterbalances the incurred bias from both baseline
composite estimators. For the non-overlapping districts, this effect diminishes, since the
underlying parameters for these districts belong to one of the two extremities.

FIGURE 7. Estimator Distributions for Case DDa
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TABLE 7. Empirical MSE of Estimators for Case DDa

04 0 (b*, k*) 0F (bt, ky) 69 (bp, 0) 09 (be, 1)

na oq 04 Ps Pys MSE Ps Pgs MSE P; Pys MSE Ps Pogs MSE  P; Pgs MSE
A X 5 31 81 59 102 178 70 93 049 61 95 124 59 94 154 62 99 1.29
AY 5 31 81 59 106 200 6.8 9.1 0.51 6.4 104 1.41 6.4 102 139 6.0 102 1.69
B X 5 32 67 4.4 9.1 201 49 9.2 1.79 4.9 8.9 153 49 8.6 1.22 4.7 9.1 202
C X 5 30 6.2 40 85 183 45 86 154 46 84 159 49 82 124 44 86 1.85
DY 5 31 90 67 112 192 68 106 134 7.0 106 139 7.2 107 119 6.7 108 1.85
E Y 5 32 9038 7.4 121 2.07 73 116 1.85 74 115 1.87 76 114 151 7.3 11.8 220
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FIGURE 8. Estimator Distributions for Case DDb
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TABLE 8. Empirical MSE of Estimators for Case DDb

04 0 (b*, k*) 0F (bt, ky) 69 (bp, 0) 09 (be, 1)
ng oq 04 Ps Pys MSE Ps Pys MSE P; Pgs MSE Py Pys MSE Py  Pys MSE
A X 5 31 81 57 104 194 72 92 041 59 97 134 59 97 159 6.1 100 141
A Y 10 31 81 65 98 093 73 89 028 69 97 072 71 97 078 66 95 0.80
B X 5 32 67 44 89 177 49 89 154 49 88 151 48 85 114 47 90 1.94
C X 5 30 62 38 84 198 45 86 169 46 85 183 46 82 139 42 87 213
DY 10 31 9.0 74 106 098 72 104 092 75 103 075 7.7 102 058 7.2 104 1.00
E Y 10 32 98 82 112 088 81 11.0 08 80 108 093 81 106 076 7.9 11.0 1.02
FIGURE 9. Estimator Distributions for Case DDc
X, A X, B X, C
0.8-
0.4-
QO 0] 0,381 0,36.7 /edés.z
2 Y, A Y,D Y, E
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0.0 e 181 ‘ ‘ ea\:q ‘ ed#‘g.s
5 10 5 10 5 10
esimator [/] 8,[/] 8 k0] /] 8 (6. %) 7] 85 (B,.0)[/] B (B..1)
TABLE 9. Empirical MSE of Estimators for Case DDc
04 0 (b*, k*) 0F (bt ky) 69 (bp,0) 09 (be, 1)
Nng 04 Gd Ps Pogs MSE Ps Pgs MSE Ps Pys MSE Ps Pys MSE Ps Pys MSE
A X 5 31 81 59 103 1.8 73 93 038 61 97 131 59 97 157 62 99 1.36
A Y 2 31 81 71 92 040 76 88 015 73 91 033 75 93 046 7.1 90 037
B X 5 32 67 45 91 203 50 91 170 49 91 171 50 85 119 47 91 213
C X 5 30 62 39 84 180 46 85 158 48 86 175 49 82 130 44 87 1098
DY 20 31 9.0 79 100 043 78 99 042 79 99 036 81 98 026 77 99 047
E Y 20 32 98 87 108 042 86 107 041 85 105 045 85 104 046 85 107 0.47
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Fi1GURE 10. MSE Surface Plots for Panel X,A Sample Instances

The surface plots above show the resulting MSEs for different combinations of the weights
b and k for sample instances of Panel X,A in six of the nine simulation cases. The large
and small points are the MSEs corresponding to the suboptimal and optimal estimators,
respectively. The dark and sky blue points are the MSEs for the optimal and suboptimal
two-tiered estimators. Notice that the boundary curves at k¥ = 0 and k = 1 represent the
MSE curves for the baseline methods that leverage 0, with ép and é, respectively.

2.6. MSE Surface Plot of Sample Instances. Figure 10 shows the mean-squared error
surface plots of a sample instance of Panel X,A for each of the selected simulation cases (Cases
SS, SD, and DD under sampling designs a and c). The top panel (Figures 10a—10c) show

sample instances for Cases SSa, SDa, and DDa, while the bottom panel (Figures 10d-10f)
display sample instances for Cases SSc, SDc¢, and DDc.
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For each panel in Figure 10, the - and y-axes are the weights b and £ in the two-tiered
composite estimation model. While b represents the weight assigned to 90 (the composite of

0 and 0) k allocates additional weight toward f and thus away from 0

The color scheme of the points on the MSE surface plots is consistent with that of the estimator
distributions of the simulation cases in Figures 1-9. The large and small orange points on the

surface plot boundary at k = 0 represent the actual mean-squared error MSE {Oc(b 0); Qd}

evaluated at by and bp, which minimize MSE {Gdc(b, 0); Qd} and eMSE {Hg(b, 0); Hd}, respec-
tively. Similarly, the large and small purple points on the boundary at £ = 1 represent
the actual mean-squared error MSE ég(b, 1);0,4 ¢ evaluated at bs and l;C, which minimize

MSE {ég(b, 1); Hd} and eMSE {ég(b, 1);«9d}. More simply put, these boundary points in-
dicate the actual mean-squared error evaluated at the optimal and estimated suboptimal
weights for the two baseline composite estimators. The actual mean-squared error is not
calculable in practice, but for the purposes of the simulation study, the underlying district,
place, and county parameters are available to make these calculations.

The effect of sampling design on the optimal weights for the estimator model is most visible
in Case SSa (Figures 10a). In this simulation case, each district in both places has a 2.5%
srswor design. This leads to large optimal weights b; and b7, weighing ép or é, respectively,
very heavily in calculating the baseline composite estimators. The two-tiered estimator yields
even further reductions in MSE by allocating less weight to 6, (manifested in the large value
of b*) than in the baseline estimators in order to incorporate survey data from both the place
and county as shown in Figure 10a. Similarly, the estimated suboptimal two-tiered estimator
ég(i)T, ifT) yields a considerably lower MSE than its corresponding estimated suboptimal

baseline estimators 69 (b, 0) and 65 (b, 1).

On the other hand, with the sampling rate increased to 10% for Place Y districts in Case
SSc (Figure 10d), the further reductions in MSE using the two-tiered estimator becomes
marginal. As evidenced in Figure 10d, the MSE evaluated at the optimal weights for the
two-tiered estimator is only margmally lower than that of the baseline composite estimator
Qc(b* 1) leveraging 6, and 6. Since Panel X, A utilizes Place Y survey data to calculate the
county estimator, the baseline composite estimator leveraging sampling strength between
0, and 6 could easily reduce MSE dramatically with across-district similarity and the high
sampling rate of Place Y in Case SSc. This means that the baseline estimator ég(b;, 1) has
fully incorporated the county survey data with its large sampling weight, rendering the further
leveraging of place survey data extraneous. Introducing Place X survey data in the two-tiered
estimator model does not yield enough new information for a large reduction in MSE beyond
that achieved using the baseline estimator leveraging 0, and 0.

On the other hand, with district dissimilarity within the county in Case SD, the baseline
estimator 8 (b7, 1) becomes an unattractive composite estimator. While the other baseline

estimator Gg(b;, 0) would be more appropriate given the homogeneity in Place X, the optimal
two-tiered estimator could potentially yield further reductions in MSE by leveraging the
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additional survey data for District A within the county as shown in Figure 10b. Despite this
additional reduction in MSE for the optimal two-tiered estimator, the additional error incurred
by the moment-matching estimators used to calculate the suboptimal two-tier estimator
ég(i)h lAcT) reduces the efficiency obtained with the optimal two-tiered estimator considerably.
In Case SDc (Figure 10e), the optimal two-tiered estimator yields only marginal improvement,
since the large county sampling rate introduces excessive data for districts dissimilar to
District A. While District A is sampled at a larger rate within the county, the inability to
disaggregate this subset from the dissimilar districts reduces the benefit of a larger sampling
rate.

The panels for Cases DDa and DDc (Figures 10c and 10f) show that systematic dissimilarity
could potentially yield additional MSE reduction using the two-tiered estimator. In Case
DDa, the large MSE at the two corners intersecting b = 1 at k = 0 and k = 1 represent
the large error associated with weighing the place and county estimators too heavily given
district dissimilarity within both domains. While the MSE at the corner of b =1 and k =1
is lessened in Case DDc with the large county sampling rate, the MSE remains elevated in
the other corner of b =1 and k = 0, since the place sampling design remains at 2.5% srswor.
Interestingly, in Case DDa, the optimal weight k* is about 0.57, meaning that ép and 0 are
weighted similarly for the place-county estimator ég . In Case DDc, the optimal weight k* in
the selected sample instance increases to 0.6, since the higher county sampling rate increases
the sampling strength of i} However, the two-tiered estimator does not achieve a considerable
reduction in MSE in Case DDc, since the increased county sampling rate makes the baseline
estimator 65 (b%,1) a more suitable alternative.

2.7. Effect of Geographic Alignment. For all simulation cases presented in the previous
section, District A was the only district overlapping Place X and Place Y. We will now
examine the effect of geographic alignment on the performance of the two-tiered composite
estimator model by increasing the overlap between Places X and Y. As with the previous
set of simulations, Place X comprises of Districts A, B, and C, while Districts D and E are
within Place Y. Unlike in the first set of simulations, we will focus on Panel X,A. From the
perspective of Panel X A, Place X is the place, while Place Y is the county. We will retain
this geographic classification for this set of simulations.

The following are three different cases of geographic overlap that we will examine:

e Case A: D,ND = {A}
e Case AB: D,ND = {A, B}
e Case ABC: D, C D, where D, = {A, B,C}

Each geographic alignment case is then paired with sampling designs a and c used in the
main simulation study. For simplicity, we will focus on the conditions of Case SS in simulating
the geographic alignment cases.

Figure 11 shows the empirical distributions of 6, ég(l;T, IQ:T), ég(l;p, 0) and 69 (b, 1) for Panel
X,A in Cases A, AB, and ABC under both sampling designs a and c¢. Case A under sampling
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design a shows the most visible reduction in MSE using the two-tiered estimator. The
empirical distribution of the two-tiered estimator slowly converges to that of the baseline
estimator ég(lgc, 1) with increasing geographic overlap as seen in the top three panels in
Figure 11. The increasing geographic overlap between Places X and Y reduces the utility of
leveraging Place X survey data as the place estimator, since Place Y encapsulates districts
that also belong to Place X.

The bottom panel in Figure 11 shows that the increasing county sampling rate compounds
the issue of increasing geographic alignment, causing a further reduction in the utility of the
two-tiered estimator. In fact, the empirical MSE for the two-tiered estimator ég(i)T, /%T) is
slightly higher than that of the baseline estimator ég(i)c, 1). This reversal in the empirical
MSEs could be attributed to the tradeoff between the additional leveraging of estimators in
the two-tiered model and the incurred error from using three moment-matching estimators. In
other words, the increasing county sampling rate makes the composite form of 6, and 6 such
an efficient estimator that the cost of incurring additional error from three moment-matching
estimators outweighs the benefits of leveraging place survey data already encapsulated in the
county estimator.

This second simulation study demonstrates that geographic overlap and sampling designs

can play a role in determining the tradeoffs between using the two-tiered estimator and the
baseline composite estimators.

FiGURE 11. Estimator Distributions for Panel X A in Case SS

Case A Case AB Case ABC
0.4- f
3
0.2-
\
0.0-
0.6 -
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0.2-
A

esimator [/] 8,/ 8 (5., R[] 8 (5,.0)[/] & (B.. 1)
TABLE 10. Empirical MSE of Estimators for Panel X A in Case SS

e ubisaq s|dwes

2 ubisaqg a|dwes

b4 03 (bt ky) 63 (bp, 0) 0 (be, 1)
Ps Pgs MSE Ps Pgs MSE Ps Pgs MSE Ps Pgs MSE
6.0 103 1.74 6.3 9.6 0.96 6.3 9.7 1.06 6.3 98 1.22

A a

AB a 6.2 105 1.79 6.7 9.9 091 6.6 10.0 1.02 6.5 10.0 1.16
ABC a 6.1 10.1 1.55 6.6 9.5 0.79 6.5 9.6 0.89 6.5 9.7 0.93
A c 59 103 1.73 6.5 9.4 0383 6.4 9.6 0.99 6.3 9.7 1.05
AB ¢ 6.0 10.6 1.92 6.6 9.8 0.98 6.6 9.8 1.07 6.4 10.1 1.13
ABC ¢ 6.0 102 1.72 6.2 9.6 1.04 6.3 9.6 0.96 6.2 9.7 0.95
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3. CONCLUSION

We extended Longford’s baseline composite estimation method with a two-tiered composite
estimation model consisting of place and county parameters. Given the added complexity
to the model, we proposed three moment-matching estimators required for minimizing the
estimated expected mean squared error of the two-tiered model with respect to the actual
district parameter.

The simulation studies show that the two-tiered model yields the most additional efficiency
under conditions of across-district similarity for both the place and county. Systematic
dissimilarity with the overlapping district taking on an intermediate value also leads to
increased efficiency with the two-tiered estimator, which counterbalances the incurred bias
of the two baseline composite estimators. For nearly all the simulation cases, increasing the
sampling rate reduces the utility of the two-tiered model, since one of the baseline composite
estimators could potentially capture most of the reduction in MSE. Even in such cases, the
empirical distributions of the two-tiered estimator often converges to those of the baseline
composite estimator with the largest empirical efficiency. In addition to increased county
sampling rates, increasing geographic overlap between the place and county diminishes the
utility of the two-tiered county, since the county survey data incorporates more information
about districts overlapping the place and county, rendering the additional leveraging of the
place survey data less relevant.

The proposed moment-matching estimator does lead to the additional requirement of disag-
gregated data for the districts within the place boundaries. However, the nonlinear system
used to solve the optimal weights in the model do not necessarily have this additional data
requirement if the moment-matching estimators were replaced with auxiliary data. Nonethe-
less, this composite estimation extension expands the data flexibility in applications, since
the place boundaries do not need to be completely encapsulated within those of the county.
With this increased flexibility, the two-tiered composite estimation model could more readily
combine various survey data with differing geographical specifications.
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APPENDIX A. PROPOSED MOMENT-MATCHING ESTIMATORS

In the baseline composite shrinkage estimation, Longford employed the method of moment
matching to estimate the between-area variance term [3]. We adopt this method in a similar
fashion to estimate the terms o7, 07 ,, and pg, in (1.8) and (1.9) with proposed moment-
matching estimators.

A.l. Estimating 2. In order to estimate 02 = Ep, [(6 — 6,)?], we will set a simple estimator
to a particular moment that will recover the term 02. First, let

2

Sp = (é — ép)2 = é — Z wdéd (Al)

Second, take the expectation of S,:

E[S,] =E [92] —2% wE [ééd] B Y w4 30wy, (A.2)

deD, deD, i€Dyp j#i

=y —2 Z WyCq + Z wﬁvd + Z Zwiwj Cov (01, @)

deD, deD, i€Dy j#i

+ 92 -2 Z wdﬁﬁd + Z Z wiwﬂi@j + Z wfl@fl

deD, i€Dy j#i deD,

2
=v—2 Z WyCq + Z wivg + (9 — Z wd9d> (A.4)

deD, deD, deD,

Note that the between-district covariance term in (A.3) disappears from (A.4) with the
assumption that the estimates 64 are mutually independent for all d € D,.

Third, take the expectation of E [Sp] over D,, the set of districts within the place boundaries.

Ep, {E [Sp]} =0 —2 Z WaCq + Z WAV + Ep, (9 — Z ded)2 (A.5)

deD, deD, deD,

=v—2 Z WyCq + Z wivg + 012, (A.6)

deD, deD,
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Lastly, rather than setting the simple estimator S equal to E [Sp], we will match S with
Ep, {E E } in order to solve for 7.

P=S, = 0+2Y waba— Y wily (A7)

deD, deD,

The result in (A.7) is equivalent to the estimator in (1.10).

A.2. Estimating Ufl’p. To estimate 03@ = Ep, [(Hp — Qd)Q] , we use a weighted sum of squares
Sap as a simple estimator for moment matching, shown below:

Sip =Y _ wa(f, — 0q)° (A.8)

Then, we take the expectation of Sg,:

E [Sdp] = Z Wy {’Up + Vg — QCd,p + <9p — Qd)Q} (A9)

deD,

In preparation for moment matching, we take the expectation for E [Sd,p] over Dy:

EDp {E [S]} = Z wd(vd + Up — 2Cd7p) + Z wdEDp [(Hp — (gd)Q] (AlO)
deDy deDyp
= Z wa(vg — 2¢4p) + vp + az’p (A.11)
deDy

By matching the simple estimator in (A.8) with (A.11),

63,10 = Sap — Z Wq(0q — 2Cap) — Uy (A.12)
deD,

which is equivalent to the estimator in (1.11).
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A.3. Estimating py,. To estimate pa;, = Ep, [(§ — 6,)(6, — 0a)], we select the following
simple estimator for moment matching:

~

Ryp =Y wa(0—0,)(6, — ba) (A.13)

deD,

We then take the expectation of the simple estimator Rgqy:

E[Rip) = Y wa{cy—ca—vp+cap+(0—06,)(0,— 0a)} (A.14)

deD,

In order to recover the term p,,, we must then take the expectation of E [Rd,p] over Dy:

EDP {E [Rd’p]} = Z wd(cp —Cq+ Cd7p) + Z wdEDp [(9 — 9p) ((9p — Qd)] — Up <A15)

deD, deD,
= Z wa(cy = €4+ Cap) + Pap — Up (A.16)
deD,

By matching the simple estimator R, with the moment Ep, {E [Ray) } and solving for pgp,

we obtain

pap = Rap— > wa(éy— Ca+ Cap) + 0y (A.17)
deDy

which is equivalent to the estimator in (1.12).
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